The parametric anti-resonance phenomenon as an active damping tool for suppression of externally excited resonant vibration is numerically studied herein. It is well known fact that the anti-resonance phenomenon, i.e. the stiffness periodic variation by subtractive, combination resonance frequency, brings stabilization and cancelling into self-excited vibrations. But this paper aims at a new possibility of its application, namely a damping of externally excited resonant vibration. For estimation of its effect we come both from a characteristic exponent of the analytical solution and numerical solution of forced vibration of 2DOF linear system with additional parametric excitation. The amplitude suppression owing to the parametric anti-resonance is studied on several parameters of the system: a depth of parametric excitation, mass ratio, damping coefficient and small frequency deviations from the parametric antiresonance.
Introduction
This contribution deals with next possibilities of an application of the additional parametric excitation as a tool for the suppression of vibration. By adding the parametric excitation, the equations of motion are governed by linear differential equations with periodic time variable coefficients. It is well known that these systems can be unstable due to the action of parametric excitation in the vicinity of the first kind and of combination parametric resonances (e.g. Tondl, 1959; Halanay, 1966; Mettler, 1965; Łuczko, Czerwiński, 2015) . The combination resonances can be additive or subtractive. It was, however, discovered and mathematically proven (Tondl, 1998a; 1998b; 2000b; Tondl, Ecker, 1999; Tondl et al., 2000) that due to the stiffness periodic variation only for additive, combination resonance the instability interval can exist and that the excitation by subtractive, combination resonance frequencies on the contrary brings stabilization and cancelling (also called quenching) into self-excited vibrations. This phenomenon is called parametric anti-resonance. There exists a numerous literature dealing with this problem where for different systems the influence on self-excited vibration has been analyzed (Tondl, 2000a; 2013; 2008a (Tondl, Půst, 2010) that the subtractive, combination resonance can also reduce subharmonic oscillations in externally excited systems. From these findings it is obvious that the parametric anti-resonance excitation brings the additional damping into the system. Therefore we decided to deal herein with possibility to use parametric anti-resonance effect for suppression of externally excited resonant vibration since it can be a remedy for some structures that suffer by a resonant vibration as typical in many cases of rotordynamics (Pešek et al., 2015) .
Analytical solution of subtractive, combination resonance for stability analysis
Stability analysis of periodic vibrations of linear mechanical system with additional parametric excita-tion by Tondl (1959) comes from quasi-normal form of homegenous equations of motion (1) where P sk (t), Q sk (t) are periodic time functions with frequency ω p , ε is a small parameter, Ω s are eigenfrequencies of the abbreviated linear (i.e. no coefficient periodicity) system of n DOFs. Then the equations of motion Eq. (1) To solve Eq. (1) analytically, we transform Eq. (1) to equations of the 1th order 
is a characteristic exponent of the solution. The exponent consists of the corresponding eigenfrequency Ω s of the abbreviated system and a complex number κ s . The real part of κ s contributes to the eigenfrequency and imaginary part to the damping coefficient of the exponent. According to the asymptotic stability criteria for small perturbations of equilibrium, the solution is unstable when at least for one κ s (s = 1, 2, ..., n) holds that Re(ik s ) > 0. In the paper (Tondl, 1959) there are solved the exponents κ s and analyzed the instability intervals both for resonances of the first kind and combination resonances. Since the paper deals with the possibility and conditions for vibration suppression by the subtractive, combination parametric resonance |Ω j − Ω k |, we aim furthermore at the solution and analysis of this resonance. The analytical solution of the exponent κ s for a two degree of freedom (2DOF) vibrating linear system with periodic changes in stiffness coefficients is developed in (Tondl, 1959) . The equations of motion of such a system can be written in quasi-normal form as
where δ 1 , δ 2 are modal damping constants and q i , Q i (i = 1, 2) are modal depths of parametric modulation.
For the first approximation of the solution of (4), it is analytically shown in (Tondl, 1959 ) that when
and Ω 1 /Ω 2 is not a rational number then the exponents κ s in the vicinity (±α 0 ) of the resonance of the second kind and the 1th order, i.e.
(Ω 2 − Ω 1 ) ± α 0 , leads to the solution of the quadratic characteristic equation
From this equation it is clear that the exponent κ s is dependent on a size of depth of parametric modulation, on damping constants and on the parametric excitation frequency ω p .
Computational model of forced vibration with additional parametric excitation
Therefore the parametric "anti-resonance" effect is studied on the 2DOF mechanical system. The equation of motion of the 2DOF system with parametric excitations can be expressed as
where F is amplitude of harmonic excitation force of m 1 with frequency ω, m i , b i (i = 1, 2) are masses and damping coefficients, respectively. k 1 , k 2 (t) = k 20 (1 + 
where
For comparision with the analytical solution, the Eqs. (4) will be transformed into quasi-normal form by the method of modal decomposition. The Eqs. (4) will be first rewritten into a matrix form (8) where K, K p and B are stiffness, parametric stiffness and damping matrices, y, y and y are the vectors of displacement, velocity and acceleration, respectively. Vector f b represents force vector. By use of the left X L and right X R eigenvector matrices, i.e. substituting y = X R y N , y = X R y N , y = X R y N and multiplying the Eq. (8) from the left by T X L , we get the quasi-normal form
If the matrices X L , X R are orthonormalized to the unit matrix ( T X L X R = I) then Eq. (9) can be expressed as Eqs. (4) and its coefficients used for analytical solution of the exponent κ s given by (5).
Numerical solution of forced vibration with additional parametric excitation
The vibration suppression is presented herein for 4 cases of 2DOF model parameters with the additional parametric excitation: Since the maximal amplitudes fluctuate, the maximal amplitudes were smoothed next by moving average method over ten exciting cycles for better graphical contour mapping.
a) The contour lines of the maximal amplitudes (Fig. 2, left) show that amplitudes of resonant vibration gradually decrease by increasing amplification factor of additional parametric excitation up to α 2 = 0.075. Then after exceeding the level α 2 = 0.075 the resonant frequency split into two frequencies. It is in accordance with the analytical solution of the characteristic exponent iκ (Fig. 2,  right) . Imaginary part describing the change of eigenfrequency Ω 1 splits after α 2 = 0.075, too. Adding the imaginary parts to Ω 1 (Ω 1 + imag(iκ)) we get the resulting values of the exponent (white lines in Fig. 2, left) . Real part of the exponents, real (iκ), (Fig. 2 , bottom right) that define the level of damping behave otherwise to the imaginary part.
For lowest values of α 2 , the two branches of the characteristics have the maximal splitting. Increasing value of α 2 a level of damping of upper branch gradually increases and after exceeding value 0.075 split branches fuse together in a constant value line. This behavior is in accordance with the observation of the maximal amplitudes of contour diagram.
b) The contour lines of maximal amplitudes (Fig. 3 , left) and characteristic exponent diagram (Fig. 3 , right) are qualitatively very similar to the previous case. The only difference is that the moment of the splitting arises for higher values of α 2 due to higher damping coefficient κ 10 = 0.05 than in previous case. Analytical solution gives higher estimation of this value and it shows that analytical solution is more sensitive on the value of damping. White lines in the contours of maximal amplitudes (Fig. 2 , left top) were obtained again like in the previous case by sum of the imaginary parts of the exponent iκ and the eigenfrequency Ω 1 . c) The dependence of the splitting on different values of the parameter M for a depth of parametric modulation α 2 = 0.2 and for value of κ 10 = 0.001 is shown in Fig. 4 , respectively. Again both contours of maximal amplitudes and characteristic exponent diagram are presented. The size of splitting is diminishing with the size of parameter M and damping value is decreasing at the same time according to the analytical solution. As to the damping the results of numerical simulations are in accordance with this analytical prediction, however, the size of splitting is vice versa growing with the size of M . d) The influence of small deviation of parametric excitation frequency from the parametric antiresonance on the amplitude suppression was studied on the last study case. We considered the same parameters as in the case a) and the deviation parameter α 0 from the interval (±0.28) was added to the parametric excitation ω p = Ω 2 − Ω 1 ± α 0 . Again both contours of maximal amplitudes and characteristic exponent diagram are presented. It can be seen that the maximal suppression of maximal amplitudes occurs in the close vicinity |α 0 | < 0.05 of the anti-resonance frequency. Due to lower parametric modulation α 2 = 0.2, a splitting of eigenfrequency is very weak and damping value is highest in this interval. Above the absolute value 0.05 of the parameter α 0 a splitting increases and an effectiveness of damping rapidly decreases.
Conclusion
The results of 2DOF system with additional parametric excitation show that parametric anti-resonance effect is characterized by two factors: a) additional damping coming out from the parametric excitation; b) splitting of the first eigenfrequency of the system Both these factors are influenced by the mass ratio, mutual mass/stiffness ratios q 20 = k20 m2 / k1 m1 and damping coefficients.
Numerical simulations for parameters M = 2, q 20 = 1 and different values of the depths of parametric excitation α 2 (case a, b) showed that at lower values of the depth (α 2 < 0.075) the decrease of the maximal amplitudes with no eigenfrequency splitting occur. The splitting arises at higher values of the depth. So, by the value of the depth the parametric anti-resonance effect can be set up with respect to a nature of the system conceived for suppression of externally excited resonant vibration Numerical simulations for parameters α 2 = 0.2, q 20 = 1 and different M (case c) showed that high efficiency of anti-resonance effect for maximum amplitude suppression of the 2DOF system can be expected for lower value of parameter M = 1, 2. For higher value of M > 5 the efficiency is quite poor even though the parametric excitation is amplified since the damping is decreasing.
The influence of small deviation of parametric excitation frequency from the parametric anti-resonance on the amplitude suppression was studied for the depth of parametric modulation α 2 = 0.2 (case d). The maximal suppression of maximal amplitudes occurs in the close vicinity |α 0 | < 0.05 of the anti-resonance frequency. Above the absolute value 0.05 of the parameter α 0 , effectiveness of damping rapidly decreases.
The approximate analytical solution of the characteristic exponents can be very helpful to estimate the efficiency of the parametric anti-resonance or to design parameters of the mechanical system with the parametric anti-resonance excitation, however, for more accurate description of its dynamic behavior, the direct integration of the equations of motion is recommended.
